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Abstract
Several new corrections of ordermα6 to the energy levels of S states in helium
are obtained from radiative corrections to the Breit potential and from the
polarization insertions in the two photon exchange graphs. While individual
gauge invariant contributions are comparable to current experimental errors,
the sum of these corrections is an order of magnitude smaller due to mutual
cancellations.
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Leading logarithmic corrections of order mα6 lnα to the energy levels of helium were
recently calculated in [1]. These corrections are due to the electron-electron interaction and
they turned out to be phenomenologically relevant for comparison of the theory and exper-
iment. Theoretically corrections for helium may be directly obtained from the respective
contributions to the positronium energy levels [2,3] if one knows how to calculate matrix
elements of the delta function between helium wave functions.
We have recently obtained some nonlogarithmic corrections of order mα6 to the S-levels
of positronium induced by radiative corrections to the Breit potential and by the polarization
insertions in the graphs with two-photon exchange [4]. Once again all such results for
positronium may be readily transformed into respective corrections to the helium energy
levels. Description of these helium corrections is presented below.
Let us start with consideration of the corrections to the S-levels of helium induced by
the diagrams with radiative insertions in the graph with the one-photon exchange between
electrons. As is well known this graph leads to the Breit potential. One may easily obtain
the radiatively corrected expression for the Breit potential in the form (see, e.g. [5,4]1)
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where m is the electron mass, p is the relative momentum of the two electrons, r is their
relative position, f ′
1
is the slope of the Dirac formfactor, f2 is the Pauli formfactor at zero
momentum transfer and p is the polarization operator contribution. With two-loop accuracy
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where the two-loop contribution e2 to the slope of the Dirac formfactor was calculated
numerically in [6] and analytically in [7], the two-loop electron magnetic moment g2 was
1The expression below differs from the one in the cited works only by an overall sign, since in the
case of helium we are dealing with a system of two electrons as opposed to the electron-positron
system in the case of positronium considered in the above mentioned papers.
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obtained in [8,9], and the value of the two-loop polarization is also well known for a long
time [10].
The radiatively corrected Breit potential above leads to the following local electron-
electron operators which generate corrections of order α6 to the S-levels of helium
VF1 = −0.469
8α3
pim2c2
δ(r), (3)
VF2 = 0.328
2α3
pim2c2
δ(r),
Vp2 =
82
81
α3
pim2c2
δ(r).
Consider now corrections of order α6m to the energy levels of helium generated by the
diagrams with high (≈ m) intermediate momenta. These contributions correspond to cor-
rections of order α(Zα)5m and α(Zα)5m2/M in case of hydrogen. It is well known that all
such corrections are generated by the diagrams with two exchanged photons containing also
either polarization operator insertion in one of the exchanged photons or radiative photon
insertions in the electron line. External electron lines in the diagrams under consideration
may be safely taken to be on-mass shell with sufficient accuracy. We are going to consider
here the simplest gauge-invariant contribution of this kind induced by the one-loop polar-
ization operator insertion in the box diagram postponing consideration of the diagrams with
radiative photon insertions in the electron line for future work.
As we have shown in [4] contribution to the energy levels of positronium of order mα6
induced by the box diagrams with one-loop polarization insertion in one of the exchanged
photon lines is given by the expression
∆Ebox = (
pi2
36
−
5
27
)
α6
pi2n3
m.
One may easily restore the respective local operator for the electron-electron interaction
which generates this correction (note that since this operator is connected with the two-
photon exchange it has the same sign both for the electron-positron and the electron-electron
interaction)
Vbox = (
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−
5
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)
8α3
pim2
δ(r),
where we have taken into account that for positronium S-levels |ψ(0)|2 = (mα)3/(8pin3).
Let us collect below final expressions for the electron-electron potentials obtained above,
using atomic units as is common in the helium case (technically this means restoring one
more factor of α in the potentials above)
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δ(r), (4)
3
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Now we may easily obtain numerical values of the corrections to the energy levels of
helium if we use the values of matrix element of the operator piδ(r) calculated by Drake [11].
Numerical results of the calculations are presented in the Table. Comparing these results
with the experimental data as cited in [1] we see that while individual contributions in the
Table for n = 2 are of the same order as the experimental errors, the total contribution
obtained here is, due to mutual cancellations, about an order of magnitude smaller than the
current experimental error.
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TABLES
TABLE I. Contributions to the Energy Levels
1S 2S
∆E kHz kHz
∆EF1 −2374 −193
∆EF2 414 34
∆Ep2 639 52
∆Ebox 449 37
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